Purpose: Many biological objects, including neuronal dendrites, blood vasculature, airways, phylogenetic trees, produce tree structured data. Current methods of analysis either ignore the complex structure of trees or use distance-based methods which limit the scope of multivariate modeling. Methods: We propose a branching process model which enables analysis of both the branching structure and associated properties. Our novel parametrization preserves an important aspect of tree structure, namely its branch order. The model is amenable to standard methods of analysis, like generalized linear/additive models. Results: The model fit the distribution of the observed data quite well when applied to a collection of 98 brain artery systems. The estimated probability of branching decreases log linearly with branch order. Likewise, the average diameter of arteries decreases, while average length increases with branch order. Frontal arterial branches are on average longer and thinner than those in the back at equivalent branch orders. A mechanistic arterial branching model based on Poiseuille's blood flow law, which uses vessel length and diameter information, fit the observed branching structure significantly better. This model is further improved by including branch order, suggesting viscoelastic flow impacts branching in narrower vessels. Conclusion: After adjustment for branch order, brain arterial branching probabilities decreased significantly with age and length, but increased with diameter. Arteries become thicker and branch less frequently with increasing age, but the age effect decreases with branch order.
INTRODUCTION
Human brains change with aging. Changes include progressive shrinkage of gray matter volume, [1] [2] [3] [4] changes in white matter such as fractional anisotropy 5, 6 , and the loss of myelinated axons. 7 These changes could be caused by changes in the brain vasculature, such as plaque formation and microhemorrhage, 8 microvascular disease 9, 10 , and age-related decline in capillary number. 11 Here, we propose a modeling methodology to quantitatively characterize the morphology of vasculature in a population of subjects. We use this methodology to study the effect of aging on brain vasculature in a collection of normal subjects. These techniques could also be used for other studies of vascular morphology and their effect on clinical outcomes.
More broadly, tree valued data occur widely in biology, for example, dendrites in neuronal cells, 12 arterial branching, 13 airway branching 14 , and phylogenetic trees. 15 Improvements in computing, imaging technology, and image processing allow collection and digitization of replicate tree value data, for example, data across subjects, 16, 17 as well as the simulation of arterial systems. 18 The collection of data across individuals/groups allows the statistical analysis of variation in trees, in particular the effect of covariates on the tree structure. 19, 20 For statistical inference and modeling, it is necessary to examine the dependence of a tree valued response Y on covariates X, for example, how does the vascular network change with age, disease or treatment? The answers to such questions can be complex because the covariates may only affect part of a tree rather than the entire tree. Methodologically speaking, a tree valued response is a multivariate object taking values in a "non-Euclidean" space, in which addition and scalar multiplication are typically illdefined. 21 Thus, traditional statistical methods, like mean, SD, and linear regression, which are based upon Euclidean analysis, cannot be directly implemented. In recent years, a distance function approach to compute similarity between trees has been used to compute a mean tree and variability across trees. 22, 23 The distance-based approach has been extended to principal component analysis 24, 25 and nonparametric regression. 21 Despite these developments, there is considerable scope for further development in the methodology for the statistical analysis of tree valued data. In particular, there is a need for a type of ANOVA, which can parse variability both within and between trees. To get there, we need a way to handle the complex dependency imposed by the structure of the tree. This paper proposes a stochastic model for trees based on the theory of branching processes, with the following features: (a) it provides a relatively simple summarization and visualization of large trees, as well as forests (collections of trees). Although various displays of the topology of individual large trees have been proposed, 26 due to their complexity, they do not readily extend visualization and summarization of a collection of trees, for example, across subjects. We propose the concept of branch order regression, which summarizes the branching structure/morphology of a tree by a one-dimensional curve, the need for which has been previously identified as a key requirement for the statistical analysis of trees. 24 This curve plots the probability of branching p(h) at each node of the tree against its "branch order" or generation h [ Fig. 1(d) ]. This idea builds on the "graphical analysis" technique which plots features such as length and diameter of blood vessels against their generation 27 and takes it further: the curve representation enables the visualization and analysis of a mean tree and variation across trees using the well-developed tools of functional data analysis 28 (b) This model generalizes the concept of linearity for modeling tree valued responses, that is, the ability to fit a relationship of the form: E[f(Y)] = a + bX, which is the cornerstone of parametric modeling. The current distance-based methodology fails to incorporate the notion of additive modeling, that is, a relationship of the form E[f(Y)] = g(X 1 ) + h(X 2 ), which is an essential dimension reduction tool in multivariate modeling. (c) This approach to statistical analysis of tree structured data leads to a unified methodology to model properties other than the connectivity relations in trees, for example, length, diameter, etc. of branches, both as a response and as covariates. (d) The use of smoothness constraints on branching probabilities allows us to overcome the problem of sparsity (few observations) in higher order branches h, which leads to poor estimation accuracy of p(h). Unlike previous approaches to addressing sparsity based on tree pruning, 25 our analysis makes use of all available data.
In summary, the proposed modeling strategy extends current methods for analysis of tree structured objects as response or outcomes by allowing multivariate modeling and the study of variability, both within and between trees. The parametrization of the model strikes a balance between allowing integrated analysis of entire tree structured objects while allowing us to discover changes at various levels of the tree structure. In particular, one potential application of this methodology would be in the discovery of vascular phenotypes associated with particular diseases. In the dataset given here, we only have healthy subjects, so we apply the methodology to discovering the effect of age and gender on vascular structure. 
METHODS

2.A. Arterial data
The motivating dataset for this paper is a collection of three-dimensional (3D) brain arterial structures reconstructed from magnetic resonance angiography (MRA) scans. Images of the brains of 100 healthy adult humans, with 20 per decade (18-29, 30-39, 40-49, 50-59 , and 60 + ) where scanned, with each group divided equally by sex. Subjects with a history of diabetes, hypertension, head trauma, psychiatric disease, or other symptoms or history likely to affect the brain were excluded. 29 The study also included eight additional subjects because claustrophobia prevented others from completing the study or abnormalities such as motion artifacts resulted in poor image quality. All subjects were imaged by 3D, time-of-flight MRA on a Siemens head-only 3T system (Allegra, Siemens Medical Systems Inc., Germany) with a gradient strength of 40 mT/m and a slew rate of 400 mT/m/msec. Velocity compensation along both frequency and phase encoding directions was used to minimize signal dephasing induced by the flowing spins. In addition, a magnetization transfer pulse was employed to suppress signal from brain parenchyma while maintaining signal from flowing spins and thus improving the visibility of brain vasculature. The spatial volume included the top of the head through the skull base. Each MRA comprised 512 9 512 9 (approximately) 120 voxels, with a voxel spacing of 0.5 9 0.5 9 0.8 mm 3 , 16 [ Fig. S9(a) ]. The vascular tree segmentation protocol used a multiscale approach that proceeds from user-supplied seed points to automatically define the central path of each vessel as a sequence of points. This method builds a model in three steps: (a) specification of a seed point on or near a vessel of interest, (b) automatic, dynamic-scale extraction of an image intensity ridge representing a central path inside the volume of the blood vessel, and (c) automatic, dynamic-scale determination of the vessel radius at points along the central path. This methodology is described in depth and the capabilities of this approach in terms of speed, accuracy, and automation are assessed in clinical and simulated data. 30 To maintain locality of blood systems, the arteries have been separated into four subsystems vessels issuing from the middle cerebral artery on the left hand side, vessels issuing from the middle cerebral artery on the right hand side, vessels issuing form the anterior cerebral arteries, and vessels issuing from the posterior cerebral arteries, referred to, respectively, as the left, right, front, and back arterial trees [ Fig. S9(b) ]. These systems were reconstructed and measured for 98 normal subjects (49 males and 49 females), with mean (SD) age of 44.14 (15.1) yr. The tree data include a variety of information. 29 For this paper, we will consider the branching structure, length, and diameter of branches. The dataset has previously been analyzed by various authors:. 19, 21, 23, 31 Here, we present a novel methodology for the analysis of this data.
2.B. Probabilistic model for tree branching
A binary tree Z is a special type of graphical network comprising nodes and directed edges or branches [Figs. 1(a) and 1(b)]. For vascular branching, the branches are blood vessels and nodes are branch points. Nodes are characterized by an integer value called its centrifugal order. The lowest order (0) node is called the root. Each parent node is connected by branches to at most two children nodes, which have an order one higher than the parent. The nodes ξ jh of Z thus form a triangular array = {ξ jh j = 1,. . ., Z h-1 , h = 1, 2,. . .h max }, where the tree has Z h-1 branches of order h-1 and h max is the maximal order of the tree. A branching process is a natural probability model for randomly generated trees. The probability distribution of a binary tree can be derived from two axioms:
• (Ax1) Each branch x may bifurcate into two new branches with probability p x.
• (Ax 2) Branch splits are mutually independent.
In classical Galton-Watson theory, for example, for genealogies, the assumption is that p x is constant, 32 but for biological phenomena like neuronal branching, it is known that the probability is dependent on the centrifugal branch order (h), where h = number of direct ancestors or generation of that branch [Figs. 1(a) and 1(b)] as a power law, that is, p x ¼ p h 0 where x = 0 is the root. 33 In a more general setting, we propose to determine this dependence by estimating the relationship f between branching probabilities and branch order h, of the form: p x ¼ p h ð Þ, which we term branch order regression. This leads to a modified version of axiom 1:
• (Mod Ax1) Each branch x of order h may bifurcate into two new branches with probability p(h).
The function p(h) provides a one-dimensional summary of a tree, which is particularly useful for visualizing patterns in large trees [Figs. 1(c) and 1(d)] and especially forests of trees. From a statistical perspective, it is a better summary than the number of branches per branching order, because of the strong dependence of this statistic on the number of branches in the previous order. For instance, although there are eight branches of order 3 for the tree in Fig 1(a) and only four in Fig 1(b) , all order 2 branches fully branch in both trees, suggesting that the order 2 differences are merely propagated to order 3.
At any given branch j of order h-1, j = 1,. . ., Z h-1 , where the tree has Z h-1 branches of order h-1, the dyadic branching process ξ jh (= 1 if branch j splits into two, = 0 if it does not), follows a Bernoulli distribution with parameter p(h). The distribution of the total number of branches Z h ¼ 2 P j n jh is completely determined by the function p(h) alone, 12 the distribution of the ξ jh is exchangeable for a given h, thus the likelihood is unaffected by the ordering in j. In particular, the mean and variance of Z h can be written as:
(2) See appendix for proof of (1) and (2) . Note that 12 has an explicit expression for the variance, but (2) provides a computationally simpler recursion procedure in conjunction with (1) . Other notable properties that can be inferred from the branch order regression are related to the extinction of a tree. If s is the maximal order of a tree (a) it is of finite depth, that is,
2.C. Estimating branch order regression
Under the assumption of independence of branch splits (Ax 2), the log likelihood log L(Z 1 ,. . ., Z n ) for a collection of identically distributed binary trees Z i , i = 1,. . .n, can be written as a large sum of the form:
where ξ ijh is the number of splits (= 0 if there is no split, = 1 if there is) in the j-th branch of the h-th order in the i-th tree and
n ijh is the number of branches of order h + 1 across all trees, for h = 0,. . ., s max -1 and s max is the maximal depth across all trees. This is similar in form to a binomial likelihood and the maximum likelihood parameter estimates are proportions, namely: Fig. 5(a) ]. With small counts, to get good precision for estimates of p(h) at these higher orders, an assumption about the smoothness of p(h) as a function of h is necessary. We make the assumption that p(h) 2 the Sobolev space W 2,2 , that is, the space of functions with finite L 2 norm and finitely integrable second derivative, which leads to the penalized log likelihood L P :
The first term in L P (4) is the likelihood, which measures the fit of the model to the data, while the second term is a penalty for roughness of the second derivative of p(h). L P can be maximized using a smoothing spline representation of p (h), using an iteratively reweighted least squares (IRLS) algorithm. 34 The parameter k, which controls the tradeoff between the likelihood and smoothness penalty is estimated using generalized cross-validation. 34 
2.D. Branch order regression for metric properties of trees
In addition to modeling tree topology, it is often of interest to model other measurements made on branches, collectively called metric properties. For physical trees, such as dendritic branching neurons or blood vessels, these measurements include length and diameter. Branch order regression can again be applied for statistical analysis and gross visualization of metric properties. Although there is no underlying model as for branching, we can still postulate that the mean f(h) of these measurements is dependent on branch order h. Assuming f(h) to have a smooth second derivative in L 2 norm, it can be estimated via the penalized least squares criterion:
where Y ijh is the scalar observed value of some branch property, for example, length, width, angle, etc. measured on the j-th branch of h-th order in the i-th tree (subject), with E [
Other items in (5) are as in (3) and (4). The penalized least squares estimator is a smoothing spline. 34 For continuous measurements like length and diameter, we can also compute the variability in measurements within
trees, where Y ih is the mean of measurements within tree i and Y h is the overall mean across trees for the h-th branch order. Together, these allow us to visualize a form of functional ANOVA. 28 In other words, variability within subjects is measured across branches of a given order within a tree (subject), while variability between trees is the variability in the average measurement of all branches of a given branch order taken across subjects.
The effect of demographic variables on the metric properties of trees was examined by an additive model:
where Y s ijh is the branch measurement for the s-th artery system (s = Back, Front, Left or Right) in the j-th branch of the h-th order in the i-th subject. Model (6) approximates the observed measurement in terms of a baseline mean l, which corresponds to a 9-th order branch in the Back artery system for a 44.4-yr-old female, effects of subsystem a s and gender a Mi , as well as their interaction a sMi , a linear effect of age b A , branch order b h and their interaction b Ah , and a smooth term f s h ð Þ to account for nonlinear branch order regression (Fig. 3) . Finally, s ijh is assumed to be IID N(0,1) error. Note that the response was log transformed to ensure approximate normality of residuals (Figs. S6 and S7 ). The additive model was fitted using the mgcv package 35 in R (www.r-project.org).
2.E. Using metric properties to improve arterial branching model
Poiseuille's law 36 states that the change in pressure DP of liquid flowing through a tube is given by DP / KL/D 4 , where L is the length of the tube, D its diameter and K is a constant. This law has been empirically validated for blood flow. 37 It has been argued that as a blood vessel increases in length, the drop in pressure induces the vessel to bifurcate into vessels of smaller diameter to maintain pressure. 38 Thus, the probability of branching at any point of a vessel branch should be proportional to change in pressure. Here, we investigate if model for change in pressure based on Poiseuille's law can explain the observed variation in branching probabilities, using a log-linear model of the type:
where p x is the bifurcation probability for branch x, d x its diameter and l x its length. This model implies an alternative modification of Ax1 of the form:
• (Alt Mod Ax1) Each branch x may bifurcate into two new branches with probability p(d x , l x ).
Given the improvement in fit, it is reasonable to ask: is it necessary to consider branch order or demographic variables in a situation where metric properties of the vascular network are available? To answer this question, we consider the ratio of mean diameter (length) for vessels that branched vs those that did not, R(h), as function of branch order:
where ξ ijh+1 is the number of splits (= 0 if there is no split, = 1 if there is) in the j-th branch of the h-th order in the i-th tree and Y ijh is the measured property on the corresponding parent branch. If the mechanistic law is unaffected by branch order, we would expect R(h) = c, but this does not appear to be the case at lower branch orders for either length or diameter (Fig. 4) . To confirm this dependence, we added branch order and demographic covariates, plus interactions to the mechanistic model: where p s ijh is the bifurcation probability for the s-th artery system (s = Back, Front, Left, or Right) in the j-th branch of the h-th order in the i-th subject. The model approximates in terms of a baseline mean l, which corresponds to a 9-th order branch of diameter 1 mm and length 21.58 mm in the Back artery system for a 44.4-yr-old female, effects of subsystem a s , gender a Mi , linear effects of age b A , branch order b h , diameter b d , length b l and their pairwise interactions (all continuous variables were centered).
RESULTS
3.A. Branch order regression for tree topology
When fitted separately to data from the four arterial systems for each subject, maximum penalized likelihood estimates of p from Eq. (4) indicate that the branch order regressions are monotonically decreasing in h [ Fig. 5(a) ]. Branching probabilities for all four subsystems dip below the extinction threshold of 0.5 before h = 10. Estimates of p for all four subsystems are similar to each other, except for h > 15, where Front and Left systems appear to have lower branching probabilities than Back and Right, which appear to be essentially flat beyond this point. By comparing against a model with a common branch order regression function for all subsystems, we reject the hypothesis of equality of the branch order regression across subsystems (Deviance = 74, df = 20.4, p-value <10 À7 with a v 2 test) ( Table I ). Note that estimated p-values for this test are only approximate (Wood (2017) ). However, even assuming a 1000% approximation error, an upper bound for the actual p-value (10 À6 ) is much smaller than the 0.05 level commonly used to judge statistical significance. When branching order is plotted on a log scale, the regression functions appear approximately linear [Fig 5(b) ]. On the log scale, the smoothed fits are reasonably approximated by a linear logistic regression, except for 2 ≤ h ≤ 7.
How well does this model fit the data? Since this is a logistic regression, quality of fit is measured by the deviance (À2 log likelihood) with a lower deviance, that is, higher likelihood, indicating better fit. 39 The model with separate regression functions for each subsystem results in a 3.5% reduction in the total deviance for the combined data (Table I ). Using the identity Dev ¼ P i;h;j r 2 Dihj ;, where r Dihj is the deviance residual (contribution to likelihood from individual observations) for the j-th branch of the h-th order in the i-th tree, we decomposed the total deviance into contributions from each branch order h. Note that the binomial likelihood is always nonpositive. Since large negative deviance residuals contribute to low likelihood, hence poor fit, we want the deviance residuals to be as small as possible. Due to differences in the number of branches (n h ) per branch order [ Fig. 2(a) ], we computed the average deviance per branch order Dev h ¼ P i;j r 2 Dihj =n h , which shows that the quality of fit is roughly the same across all branch orders [ Fig. 5(c) ]. The average deviance is more variable at higher orders, but that is likely due to small numbers.
Graphical examination of residuals is not very informative for binary data. Instead, we aggregate data within a tree to examine the quality of fit. For the Back artery system, the unconditional expected value of the number of branches at a given order (a), estimated using the bifurcation probabilities estimated by branch order regression, matches the corresponding sample mean very closely across all branch orders [ Fig. 2(a) ]. The unconditional variance of the number of branches at a given order (b), also estimated using the bifurcation probabilities estimated by branch order regression, matches the corresponding sample SD well for early and late branch orders, but overestimates the sample SD for orders between h = 5-15 [ Fig. 2(b) ]. For this reason, the mean AE 1.96 SD band is somewhat wider than the observed distribution of branches, especially at the lower end, but it does appear to capture the shape of the distribution quite well [ Fig. 2(c) ]. Similar remarks apply for the other artery systems (Figs. S1-S3 ).
3.B. ANOVA for vessel length and diameter
From the maximum penalized likelihood estimates obtained from Eq. (5), vessel diameter appears to decrease with branch order for all subsystems, but the regression curves are convex, that is, the rate of decrease slows down with increasing branch order [ Fig. 5(a) ]. There appears to be no significant difference between subsystems (Deviance = 16, df = 14.5, p-value = 0.64 with a v 2 test). Conversely, vessel length appears to increase with branch order for all subsystems, but the rate of increase appears lower at higher branching orders [ Fig. 3(b) ]. Regression curves for the Back and Front subsystems appear similar to each other, while those for Left and Right are similar to each other as well. There appears to be a highly significant difference due to subsystem for length (Deviance = 343, df = 17, p-value 
<10
À16 with a v 2 test). For diameter, variability within and between trees are of similar magnitude across all branching orders: they decrease from h = 1-10 and then remain relatively flat [Fig 3(c) ]. Both these sources of variability are an order of magnitude smaller than the mean. Similar remarks apply about the other artery systems (Figs. S4 and S5 ).
3.C. Effect of age and gender on vessel length and diameter
Using the multivariate model (6) , vessel diameter appears to decrease with branch order at the rate of 0.115 cm/unit increase in order (p-value <0.001) and increase with age at the rate of 0.007 cm/yr (p-value <0.001), but the effect of age decreased with branch order at the rate of À0.009/log(order) x year (p-values <0.001) (Table II) . Average baseline diameter for Front systems was narrower than the Back (p-value <0.0001). Males had significantly thicker arteries and the gender effect increased with age (all p-values <0.0001). Vessel length increases with branch order and age, but the effect of age decreased with branch order (all p-values <0.0001) (Table III) . Average baseline lengths for Front, Left, and Right systems are longer than the Back (all p-values <0.0001), with Front being the longest. Gender had no significant effect. The quality of fit for diameter (R 2 = 0.15) and length (R 2 = 0.04) were poor, due to high levels of within and between tree variability [Figs. 3(c) and 3(d) ].
3.D. Refinement of Poiseuille's law
Model (7) fits the data from all trees substantially better than the branch order regression model with 13.2% of the null deviance explained, as opposed to just 3.75% for the branch order regression model (Table I ). The fitted coefficients of diameter and length are approximately in the ratio 4:1 and they are of opposite signs (Table IV) , as postulated by Poiseuille's law.
Model (9) explains 14.4% of the total deviance. Its improvement over branch order regression is approximately uniform across branch orders [ Fig. 5(c) ]. In addition, it tracks intertree variability in branch numbers much better than branch order regression [ Fig. 2(b), Fig. S2 ]. Note that the variance formula in (2) no longer holds for the non-IID case. Therefore, we used an empirical estimate based on sample variation in predicted probabilities p h ð Þ. While some of the demographic variables and their interactions have a significant effect (Table V) , most deviance reduction is explained TABLE I. Goodness of fit (deviance = À2*log (likelihood)) for various models for arterial vessel branching using data from 98 subjects. The % change (improvement) in deviance is calculated relative to the null model. The model df (degrees of freedom) are the effective number of parameters in the model. The AIC (Akaike Information Criterion) = Deviance + 2*Model df, balances goodness of fit against model complexity. On balance, the best model is the one with lowest AIC.
Model
Deviance by the main effects of diameter, length, and branch order (Table S1 ).
DISCUSSION
Brain arterial branching probabilities decrease sharply with increasing branch order. Branch order is a particularly useful predictor when metric information is absent, probably because it is strongly correlated with metric properties, particularly vessel diameter (Fig. 3) . Like neuronal dendritic structure, 40 bifurcation probabilities in arterial branching also appear to decrease log linearly with branch order. It may be worth exploring whether this relation holds more generally for other types of binary trees occurring in nature.
Progressing away from the Circle of Willis, vessel length tends to increase while vessel diameter tends to decrease with branch order. When individual vessel diameter and length data are available, they can be used to fit a mechanistic model of arterial branching based on Poiseuille's law of blood flow, which provides a better fit than branch order alone. However, branch order adds substantial predictive power to this mechanistic model (9) . The primarily additive nature of the branch order effect (Table S1 ) suggests that it acts as the constant in Poiseuille's law. The constant in Poiseuille's law represents viscosity of blood. 37 Modern research has revealed that in narrower blood vessels, the elasticity of red blood cells becomes an additional determinant of flow. 41 As blood vessels become narrower with increasing branch order, the branch order coefficient in model (9) may thus capture changes in the viscoelastic effect. However, direct observation of flow rates would be needed to confirm this conclusion.
Increasing age causes small but significant increases in vessel diameter and length, but this effect diminishes with increasing branch order (Tables II and III) . Increasing age also causes a significant reduction in bifurcation probabilities (Table V) , confirming previous findings on this dataset. 19 Males appear to have thicker arteries relative to females at the same branch order and this effect increases with age (Table II) . In addition, our analysis of metric information suggests that vessels in the Front arterial system of the brain are on average longer and thinner than those in the Back system at comparable branch order (Tables II and III) .
The resolution of MR angiography limits the diameter of discernible vessels in the dataset to 0.25-mm radius. Our data and analysis, therefore, do not account for capillaries and other tiny vessels which have smaller diameter. The underlying branching process model appears to provide a very good approximation to the observed mean structure of arterial branching and a reasonable approximation for the variance structure. However, it cannot account for variation at the level of individual branches (as can be done with metric properties), or variation across trees (e.g., demographic differences). The non-IID model based on diameter and length information (7) provides a significantly better fit for observed tree level variability [Figs. 5(c) and 2(b)]. Previous modeling of tree data used a subject-wise random effect 19 to account for unexplained intersubject differences, but the lack of correlation (max |r| <0.25) across arterial systems within a subject at a given branch order (Fig. S8) , suggests a subject-wise effect may not be appropriate. In datasets where more detailed information on the orientation of blood vessels and local 3D geometry (such as tensor and saliency maps), it may be possible to further refine the model for branching using models based on Murray's minimum work principle. 18, 42 Results in this paper have shown that branch order regression can provide a useful summary of the morphology of brain vasculature. In particular, it can capture effects of covariates that only affect the morphology at certain orders of branching, thus improving on previous analyses of brain vasculature that modeled crude measures like total number of vessel branches, 21 or average radius of all vessels. 43 Despite the added detail, the model is still parsimonious, requiring few extra degrees of freedom relative to ordinary regression. Like any summary, it is important to note that it does not capture every aspect of the morphology. The chief limitation is the assumption of exchangeability among all branches of the same order. Exchangeability may not be meaningful in settings where localized variation is of interest, such as a disease occurring in a particular part of the brain.
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Appendix S1 contains proofs for results (1) and (2).
Figs. S1 and S2 show the quality of fit for the mean and variance of the number of branches per tree by branch order for each arterial subsystem. Fig. S3 shows the distribution of the number of branches per tree by branch order for each arterial subsystem together with the expected mean and 95% band for the data.
Figs. S4 and S5 show functional ANOVA of vessel diameter and length by branch order for each arterial subsystem. The components of the ANOVA include the mean, as well as variation within and across trees.
Figs. S6 and S7 show residual diagnostics for the additive branch order regression model fit to vessel diameter and length data. Fig. S8 shows the intrasubject correlation between branching probabilities at a given branch order across the four arterial subsystems. Fig. S9 shows an example of a brain image obtained using magnetic resonance angiography (MRA) and the resulting vessel trees segmented from this image set. Table S1 shows the analysis of deviance for each term in model (9) .
